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THREE DIMENSTONAL NON-LINEAR THEORY OF THE FREE ELECTRON LASER
Numerous publications have treated .the 1-D Free Electron Laser (FEL)

(1-10)

mechanism, As of the writing of this paper, 3-D effects in the FEL

have received little attention.(ll) It is the purpose of this paper to pre-
sent a general non-linear 3-D formulation of the steady state FEL amplifier
configuration including the various efficiency improvement schemes.

When a cold, axially propagating electron beam enters a physically real

(12) The axial

w pgler field, a shear in the axial electron velocity results.
velocity chear across the electron beam is equivalent to a beam temperature,
which if large would significantly reduce the fraction of electrons trapped

in the ponderomotive buckets.

The radiation beam, which experiences both diffraction as well as re-
fraction, can be represented as the superposition of the input field and ex-
cited field. 1In the absence of a detailed 3-D analysis, it could be argued
that these two fields could destructively interfere on axis. This would re-

sult in a decrease in the depth of the ponderomotive potential buckets and

could cause detrapping of the electrons. The results of our analysis, how-

ever, indicate that destructive interference does not take place. A number
of efficiency enhancement schemes for the FEL have been identified.(T’g’lo)
These include: i) contouring, spatially, the amplitude and/or wavelength of
the magnetic wiggler field, ii) accelerating the electron beam by applying an
external D.C. accelerating electric field. Our formulation will include and
show the equivalence of the above enhancement schemes.

A reneralined pendulum like equation for the phase of the
particles is obtained. The wiggler field has transverse spatial gradients
15 well as an smplitude and wavelength which are arbitrary functions of axial
position. The infinitely long highly relativistic electron beam is assumed to

Manuscript submitted July 17, 1980 1
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be initially cold and tenuous enough so that space charge effects can be neg-
lected. The inclusion of beam temperature and space charge are straightfor-

(7,9)

ward and have been included in 1-D formalisms. The evolution

of the radiation field governed by the particle dynamics is determined as a
function of x,y,z.

Then, simplifying assumptions are made which result in an analytic expres-
sion for the field on axis. Finally, the field off axis is numer-

ically evaluated and applied to specific examples.

The generalized linearly polarized wiggler and radiation field are re-

vresented by the following vector potentials

Z A
Aw(y,z) = Aw(z) cosh (kw(z)y) cos({kw(z’)dz‘)ex (1a)
AR(x,y,z,t) = A{x,y,z) sin (%z “wt+ep (x,y,z));x (1b)

wherq.ﬁw(zl and kw(z) = er/zw(z) are the slowly varying amplitude and wave-

nurber of the wiggler field, Zw is the wiggler wavelength and A and ¢ are the
slowly varying amplitude and phase of the total radiation field. We alsc in-
clude an external accelerating D.C. electric field‘gac(z) = - a¢ac(z)/6z ;z'

The equation (in Laprangian independent variables) which describes the rela-
tive phase between the electrons and the ponderomotive wave

can be shown to be governed by

o 2 Ak Y 2 Z
47§ _ d5 W elw /¢ ac_[elu)/c d ~ 2
: —J% Y5 Y o s, 5 S—{A cosh (kwy)cos‘£kwdz )

dz“  dz" Y ym c© 2y mc 2

720 (o}

~ ~ "~
+ ‘kwAw cosh (kwy) A(X,y,z) cos W.]

z
where § = w(z,to,xo,yo) = { w/c + kw(z‘))dz’— wt + p(x,y,z) is the phase,

.
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T = r - v =~ v = _~2 2 —1/2
t=t +JO az V.Y =Yy ,» ¥, = (1 -V /) ,
2,\2y1/2 =~ _ ‘ ~ . . .
{or = (1 + (le|£w(z)/(moc )T, v, = w/(w/cz+ kw(z) - dy/dz + dyp /dn) o tie
. . ~ -1 . r . ~
1 ~ + o ~y T zoare
electron axial velocity, x x0 aoLkw 1n_JO kwdz and y )o cos hou Hqy
the zeroth order transverse electron coordinates, Bo; = vol/c,
. . 2, 2,-1/? .

= A b i = {1 - jad s the

Vs |e .w/({omoc) is the wiggle velocity, Y, 1 vo/ ) , v i Le

magnitude of the total particle velocity and KO = /[C. The Lagrangian

501kw
independient variables to,xo,yo are the time and trancverse coordinates of - ngr-
ticle at the entrance to the interaction region, i.e. z = Q0. Ir c¢tininins
~ 2 ~
() we have used the fact that w = Y, (1 + Vz/c) ckw, the x compone.t of ~1. -
~e ~ A
tron momentum is = (|e|/c) Qéwfv,z) +15R(§,y,z,t))'ex, Léwl >> Lénl ar i
V_ =~ v_ =& ¢, Equation (2) clearly shows the relationship betweer the varico.:
efficiency enhancement schemes. In the equation for the phase W, contourin,
2
the wigpler wavelength or amplitude, i.e., akw/az or aAw/az is equivnlent tr

introZucing an accelerating field, i.e. a¢aclaz.

The axial velocity shear, due to the wiggler gradient is giver by Avqhear

2
/c)moc . The
/2m c2.
o

2 . . N
= c(Bo* kwyo/2) , while the energy shear is Aé; = YO(AV

hear shear

initial depth of the trapping potential is |e|¢ = 2/2y vy B (A/Aw)1

trap 0 0z ok

In order to trap a substantial fraction of the electrons we require

< |el¢ ., this places a limit on the electron beam radius riven bty
shear trap

!
-1 SV?YOZ 172, 1/h |
o< )T (—=H ) 0s)
od w
An axially symmetric electron beam injected into the wiggler field in (14)
experiences a periodic focusing in the y-direction. The focusing wavelensth
along z is 2TIK;1 >> zw. A comment is in order concerning the neglect of
space charge waves. It can be shown that the ponderomotive term in (2} (term

proportional to AwA) will dominate the space charge term if the beam density

satisfies




. 2 =2.2 2
The radiation field satisfies the wave equation (V' -c "3 /ot lé
~ A
e ‘Jxex where the current density is given by

w; w o ® ~ ~ ~ B {?’Z)
' ) = - — t - - ~
(X, 1 I I o f dx f dy, 9(xo,y0)6(x x)6 (y-y )8 (t-t) —
- -0 -0 Y
, o 1/2 (5]
where W, = SRTEY no/mo) » n_ is the density on axis outside of the inter-
action resion, und U(xo,yo) is a function which describes the initial electron

oear profile.  The interrations in (5) are over all initial entrance times and
tranaverse coordinates. The radiation field in (1b) can be represented in the
'iwm.iﬁax,y,n,t) = (?i)-}a(x,y,z) exp i (wz/c«ut);x + c.c. where a = A exp(ip)

; thee oompiex field amplitude which is a slowly varying function of z. Sub-

stitutives (9} inte the wave equation yields an equation for a(x,y,z) which can

readiiy be solved using Fourier transform techniques. We find that a = a_+a,

1 {_‘
wherre o ig the homogeneous solution (input field) given by
\ L. . k‘
BOAXNYae) = o +
Ky e "i: (k k ,0) exp {i (k X kyy S le )) dk dk vhere

K=K, + K and alk vk +0) j'f X,¥,0) exp (- i(k x + kyy)) dxdy. At z =0

) the cndy field is the input 31gnal. The expression for a, can be shown to

ive the well known Gaussian radiation beam modes. The particular solution

. {exeited ield) is
-y
LY, 2 emwat = A
1‘gx,y,z) = -7n 5 4 oz f Idx fdy 8 ( ,yo) ::-cosh (k'y") .
c o o Y

7 ) w/e

3+ (y5) )—('z_——y G -9 (6) '

where primes on quantities denote that they are functions of z°. The




expression for the excited field in (6) completes the formal part of our

annlysis. Eguations (2) and (6) describe self-consistently the non-

al
13

Tinear 2-T stealy state MEL amplifier configuration.

. . ~ ~ .
Considering the case where kwyo << 1, x and y can be replaced by x, and

> |a,|, and a plane

yo in (6). Assuming a low gain situation, i.e. [a 2|

wave form for the input field, we can take the phase‘v (z,to,xo,yo) to be

1

very nearly only a function of z and to. Choosing a Gaussian electron beam

) 2. 2,2 _
profile, i.e. O(xo,yo) = exp(-(x0 + yo)/rb), {(6) reduces to

2 21 /0
CwS /e dt =z \ [ z~z" + iz
- iy 2 o . o iy (r,z”) 0
alr,z) = +——r f ———-f dz” A (z°) e ? —_—
~ L) l >
" Py, b 21w 5 W (z—z‘)2 + 22
N z-2" + izo r2
’ exp -1 Q(?’,to) -\l ) 5 (7)
(z=27)" + 2
o b

where 2,7 r£ w/%c is the effective Rayleigh lenpgth associated with the ex-~

cited radiation. The 1-D limit of (7) is obtained by letting z, or Y

approach . We will 1imit ourselves at this point to a constant parameter

A4 wiggler and consider only an external accelerating potential. Furtherrore,

we will make the constant phase resonant particle approximation. In this

' approximation all particles are assumed to have the same constant phase, $R°

. /| To obtain the total radiation field we first evaluate a2(r,z) under the

assumption that |p| << 1 (this will be shown to be valid). Taking a plane

wave input field of amplitude Ain’ the amplitude and phase of the total field,

on axis, becomes

2, 24/2
2 -l,2 ~ " z +Zo \ W
Alr = 0,2) = A, +a A, |ten (;—) cos Y - n -—:;;—- sin ¥ (8a)
° o
5
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z +2

. ¢ -1, 2 . o y1/0 ]
glr=0,00 = - ao(Aw/A) tan (=) sin s + o {—) / co:;WP {8b)
%y ) =
o]
o A A, . -
where o = wbrb/ac ;YO anu VR is obtainec from the stati-rary solution

of ().

As an example of a 10.6 um FEL utilizing 5 nirn power CO, laser beam as

: an input tield we choose un electron 'eam energy of 0F MeV (¢ = 50, b

current ot I = 5 A and beom radius (Guusrsian profile)cf = .5 mr. 3Such a

: . ; 11 -3 L -1
beam has a peak density r~n axis of no = 1.2 x 10" "cm (ub = 2.0 x 10 Trec T,

“he constant varameter wispler is taken to have a mapnitude of + = 5.0 k5

W

. . . P 3 ;
and wavelength of lw = .7 em o whieh gives Aw = 7.0 x 107 statvelt. The

f

-~
o~
—
o

(]
. . . -—C s . . . .
wimple velocity is VoL . ¢ and the input field power density is

taken to be Fir =L x 1OUW/cm£ which gives Ain = 0.30 statvolt. Note that

the inequalities in (3) and (4) are well satisfied.

Cur first numerical iilustration is one in which the accelerating poten-

! ~

tial is zero, the stationary phase is,therefore,y_ = - /2. The particle
! o)

enerry revaine-ecnstant nnd the total radiation amplitude and phase on axis
is piven by (Ba, ). To obtuain the radial dependence of the radiation amp-
- litude an.d phase, (7} is solved numerically and the resnlts are shown in
f ' Firs, (1) and ().
The index of refraction, in this
i case, is reater than unity, n = 1 + (c/w )ap/dz > 1. The input field,
therefors, tends to focus alons the axis ant tends to defocus the electron
beam. The net radiation enerry flux alons the z axis (interrated from r = O :
to r = o) is constant since for lurge r the radiation amplitude is less than

hm

the input fiel:d amplitude. The ;ain in the radiation amplitnude at =z
. is maximu on nxis and is 0.17. The maximum value of p is along the z axis
: ? and is approximately 0.067 rai which certainly satisfies our small phase
approximation.
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Our next illustration is one involving efficiency enhancement. An
accelerating potential ¢ac(z) is chosen such that cos W% = 0.3. The gain
in radiation amplitude on axis at z = 4m is 0.185, see Fig. 1. Since
the energy gained in propagating the electron beam through the potential

¢ac is converted into radiation, the efficiency can. be defined as

n = |e| (¢ac(2) - ¢ac(0))/Yom c? = l-l—- w/cz f A A(r = 0,z") cos W d

m02

The efficiency at the end of z = 4m is ~ 3.6%. Flgure (2) shows the
phase ¢ as a {unction of z. Notice that the index of refraction
n =1+ (c/w)d¢/d3z for large z is less than unity on axis (defocusing
of radiation) and becomes greater than unity for large r (focusing of
radiation). Equations (8a,b) are in excellent agreement with the above
numerical illustrations for r = O.

The authors appreciate useful discussions with I. B. Bernstein and
W. M. Manheimer. The authors would also like to acknowledge support for

this work by DARPA under Contract No. 3817.
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